This paper exploits the links between a private value distribution's hazard rate, mean residual value, and eta functions in order to characterize postedprice rules for a public agency to allocate scarce units of an indivisible good under the utilitarian distributional objective of maximizing expected consumer surplus. Sufficient conditions on the monotonic and non-monotonic classes of the functions are established that identify either market assignment at the clearing price or lottery assignment with partial or complete underpricing as the optimal allocation mechanism. The results are summarized across a wide range of parametric value distributions, and selected non-monotonic cases are evaluated numerically to determine the relative scarcity or abundance of the good necessary for market or non-market assignment to dominate.
Introduction
Public agencies are commonly commissioned with allocating scarce units of indivisible goods and services over large numbers of individuals or households.
Examples include assigning seats in schools, parcels of land and housing, access to medical services, immigration visas, and recreational privileges on publicly managed commons. An accompanying dilemma that agencies confront entails implementing an allocation mechanism to determine who will be awarded a unit and who will not. While expected revenues are maximized from allocating units by price or willingness to pay alone, agency objectives, laws and legislative mandates, or majority public preferences may lead agencies to deviate from competitive market assignment by under-pricing and allocating the units through a nonHow to cite this paper: Scrogin, D. (2017) Optimal (Under-)Pricing and Allocation of market mechanism, such as a lottery, queue or reservation system, or a merit or need-based assignment rule.
Several studies have investigated non-market allocation mechanisms in isolation and relative to market assignment or employed mechanism design to characterize optimal rules for allocating indivisible goods and services. In early work, [1] considered distributional and political economic aspects of rationing by queue, and [2] formalized a pseudo-market mechanism-the waiting-line auction-to characterize queuing behavior and equilibrium arrival times. [3] compared auctions, lotteries, and queues under deterministic demand and identified conditions for non-market assignment rules to be majority preferred. And [4] and [5] compared the expected efficiency of lotteries and queues under stochastic demand, whereby individual private valuations are drawn independently from a common distribution, and both concluded lotteries are superior if the good is relatively scarce and individual private values and time costs are sufficiently homogenous or negatively correlated.
In the mechanism design literature, [6] considered the case of two individuals with independent private valuations competing for a single unit of a good and demonstrated that expected net efficiency is maximized by random assignment if individuals incur sufficient signaling costs and the hazard rate of the distribution of individual private valuations is increasing. [7] also found random assignment to be optimal given an arbitrary number of ex ante identical individuals and a value distribution with an increasing hazard rate, whereas market assignment is optimal if sufficient screening costs are incurred by the agency and the hazard rate is decreasing. And [8] investigated the allocation problem when individual signaling costs are socially wasteful and the agency seeks to maximize expected social surplus. Consistent with [6] and [7] , lottery assignment is shown to be optimal under certain conditions on individual types and the value distribution's hazard rate.
While the settings and approaches for investigating the market versus nonmarket assignment problem vary across the literature, the shape of the value distribution's hazard rate function (monotonic or non-monotonic) has consistently proven informative and critical to the conclusions. The tradition continues in this paper, where the links are exploited between the hazard rate function and its close counterparts-the mean residual life (or value) function and [9] 's eta function-in order to address the agency's mechanism choice problem under the distributional objective of maximizing aggregate expected consumer surplus (ECS) 1 . From a symmetric independent private values framework it is shown that the optimal mechanism can be determined directly from the mean residual value function or indirectly from the hazard rate and eta functions, and suffi- 1 For a given assignment of the good, consumer surplus is the difference between the sum of the private valuations of the recipients and the price each incurs for a unit of the good. Consumer surplus then appears in expectation because the agency is assumed to know the distribution of individual private valuations but not the valuation of any particular individual and because units of the good are allocated by lottery if price is set below the clearing rate. Further, as the price is posted by the agency prior to assigning the units, the randomness of consumer surplus over the set of possible assignments is not due to price uncertainty. cient conditions on each are established for market assignment or random (lottery) assignment with partial or complete under-pricing to be optimal 2 . The analysis extends results from [10] 's study of the effects of price controls on consumer surplus in competitive markets and demonstrates that maximizing ECS may be consistent with the agency achieving alternative objectives in allocating units of indivisible goods and services, such as maximizing revenues, net efficiency, or distributional equity. The results are summarized across a wide range of parametric distributions, and selected non-monotonic cases are evaluated numerically to determine the relative scarcity or abundance of the good necessary for market or non-market assignment to dominate. 
ECS
Aggregate expected consumer surplus the agency seeks to maximize is obtained by multiply (1) by expected demand, and the pricing problem is written:
Given the value distribution and clearing price, the solution to (2) may be described by one of three mechanisms for allocating Q * . These will be referred to as 2 The hazard rate and eta function characterizations of the solution to the mechanism choice problem are appealing for evaluating particular value distributions (e.g., uniform, Pareto, Weibull, etc.) because unlike the mean residual value function, the hazard rate and eta functions commonly appear in closed form.
market assignment at the clearing price p = v * , pure lottery assignment at price p = 0, and hybrid lottery assignment at a price p ∈ (0, v * ).
To proceed, note the term in brackets in (1) and (2) 
and all are long-standing workhorses in the reliability engineering and stochastic ageing literature (see e.g., [11] and [12] 
Results
In order to distinguish the monotonic and non-monotonic classes of MRL(v) from one another, let IMRL (DMRL) denote MRL(v) that is monotonic increas- 
Monotonicity of ƞ(v) therefore implies monotonicity of HR(v) and of MRL(v) by transitivity, whereas if ƞ(v) is non-monotonic, then HR(v) and MRL(v) may or may not be non-monotonic. While the above conditions are used here for characterizing optimal allocation rules, they have proven invaluable for determining the shape of MRL(t) in reliability engineering and stochastic ageing studies because MRL(t) typically does not appear in closed form (see e.g., [11] [15] showed that conditions i-iii also hold if the distribution has a finite upper bound. iii) If Results from Proposition 3 are depicted in 
Numerical Examples
As shown above, while the allocation mechanism that maximizes ECS(p) is independent of Q * if MRL(v) is monotonic (Proposition 1), information on the relative scarcity or abundance of the good is needed to determine the optimal mechanism if MRL(v) is non-monotonic (Propositions 2 and 3). To demonstrate, two of the distributions reported in Table 1 are evaluated numerically. In Figure 2 ).
Log-Logistic Distribution
The survival and hazard rate functions of the log-logistic distribution are given by:
where α > 0 and β > 0. Derivation of MRL(v) yields: The results in Table 2 indicate that if private values are log-logistic distributed with β > 1, then evaluation of HR(v) and μ is sufficient to conclude market assignment will be superior if the agency has a small number of units to allocate over a large population of individuals.
Beta Distribution
In contrast to the log-logistic distribution, the upper bound of the beta distribution is finite and the survival and hazard rate functions do not appear in closed form. The functions may be written:
where α > 0 and β > 0, and B(α, β) and B v (α, β) are the beta function and incomplete beta function, respectively. Derivation of MRL(v) yields: that across the cases reported in Table 2 the hybrid lottery is optimal if Q * is less than fourth tenths of N and market assignment is optimal if Q * is at least two thirds as large as N.
The results in Table 2 also identify the relative scarcity or abundance of Q * needed for the optimal allocation mechanism to be determined from HR(v) and μ, as formalized in Proposition 3. As F + (v L ) ranges from 0.73 to 0.63 and F + (v 0 ) ranges from about 0.40 to 0.22, it follows that allocation of Q * by hybrid lottery is optimal over all cases in Table 2 
Conclusions
This paper contributes to the growing body of literature investigating the performance, merits, and shortcomings of non-market allocating mechanisms against market-based benchmarks. A framework was developed for characterizing optimal posted-price mechanisms for a public agency confronted with the problem of allocating units of an indivisible good or service under the utilitarian distributional objective of maximizing aggregate expected consumer surplus.
From a setting of symmetric independent individual private valuations and survival function representations of individual and aggregate demand, the optimal 6 The Gini coefficient of the beta distribution is given by (α/2)B(α + β, α + β)/(B(α, α)B(β, β)).
allocation mechanism could be determined from direct evaluation of the value distribution's mean residual value function or indirectly from the hazard rate and [9] 's eta function.
Monotonicity of any of the three functions was shown to be sufficient to identify either market assignment or pure lottery assignment as being optimal, whereas information on the relative scarcity or abundance of the good may or may not be necessary to determine the optimal mechanism and degree of underpricing for the non-monotonic classes of the functions. The results also provide a simple means by which to determine the optimal mechanism given distributional assumptions regarding individual private valuations and allow for direct comparison to outcomes in the design literature established in terms of the hazard rate function. The current work can be extended in several dimensions, two of which include the introduction of a revenue target for the agency and the characterization of the optimal mechanism when units of the good can be partitioned and allocated through a mixture of market and non-market mechanisms.
